Recently, the authors proposed a geometrically exact beam finite element formulation on the Lie group SE(3). Some important numerical and theoretical aspects leading to a computationally efficient strategy were obtained. For instance, the formulation leads to invariant equilibrium equations under rigid body motions and a locking free element. In this paper we discuss some important aspects of this formulation. The invariance property of the equilibrium equations under rigid body motions is discussed and brought out in simple analytical examples. The discretization method based on the exponential map is recalled and a geometric interpretation is given. Special attention is also dedicated to the consistent interpolation of the velocities.
Introduction
Rotational variables are widely used in structural mechanics as they are particularly convenient to handle the kinematic assumptions involved in structural elements such as rigid bodies, beams or shells [1, 2, 3, 4] . Nevertheless, rotations belong to a non-linear space, SO (3) , so that they must be handled carefully. Several methods have been explored to represent rotation variables in multibody systems such as the parameterization of rotation [1] , the director vector method [5] or the Lie group methods [3, 6, 7, 8] . This paper is concerned with a beam formulation recently proposed by the authors [9] which is based on the Lie group formalism of the special Euclidean group SE (3) and thus differs from the classical approach on R
× SO(3).
The invariance of a formulation with respect to rigid body motions, namely the solution is equivalent whatever the rigid body motion of the reference frame, is of fundamental importance and is satisfied by classical geometrically exact beam formulations, e.g. [3, 5, 10, 11, 12, 13] . Using the special Euclidean group formalism, the translation and rotation variables are inherently coupled and the deformations and the velocities are naturally expressed in a material frame. As a consequence, the formulation is naturally invariant under rigid body motion but in addition the equilibrium equations themselves, i.e. the numerical expression of the internal and inertia forces and of the tangent stiffness and mass matrices, are invariant under rigid body motions. The non-linearities in the equilibrium equations are thus reduced, which is valuable from a computational point of view. In particular, it is shown through simple examples that the solution to geometrically non-linear problems can be obtained by solving the equilibrium equations in terms of deformations and velocities only, without having to refer to the actual position or orientation of the beam. In a second step, the position and orientation can be obtained by solving kinematic compatibility equations. This is similar to the well-known fact that Euler equations for a rigid body moving freely in space can be solved for the velocities expressed in the material frome, without having to consider the actual position and orientation of the body.
In order to solve general problems, a finite element method that preserves the invariance property of the equilibrium equations with respect to rigid body motions shall be considered. A finite element discretization relying on the exponential map of the special Euclidean group was introduced in [9] and a consistent velocity interpolation was derived. In this paper, the discretization method presented in [9] is recalled and a geometric interpretation is given. The consistent interpolation of the velocities is also addressed. It is shown that the Lie bracket relationship is automatically satisfied, which reveals the consistency of the proposed framework. The resulting discrete equilibrium equations are second-order ordinary differential equations on the Lie group and can be solved without introducing any global parameterization of the motion thanks to the use of Lie group integrators, such as the generalized-α scheme presented in [6, 8] . From a computational point of view, solving equilibrium equations which are invariant under rigid body motion reduces drastically the computation costs. In particular, geometrically non-linear problems can be solved using implicit schemes without updating the iteration matrix.
The paper is structured as follows. In Section 2, some fundamentals about the special Euclidean group are given. In Section 3.1., the beam kinematics is described and the continuous equations of motion in the SE (3) 
Fundamentals about the special Euclidean group SE(3)
The special Euclidean group SE(3) is a matrix Lie group [14, 15, 16 ] whose elements can be represented by 4 × 4 matrices
where
and R is a rotation matrix (i.e. it belongs to the special Orthogonal group SO(3), which is defined as the set of 3 × 3 matrices such that R T R = I 3×3 , det(R) = +1). Considering that x is a position or displacement vector and that a rotation matrix defines an orientation, SE(3) elements represent frames. Being a group, there is a composition rule on SE (3) , namely the matrix product of two such 4 × 4 matrices, which reads
where it is interesting to notice that x 3 involves R 1 as well as x 1 and x 2 . Geometrically speaking, H 3 is thus interpreted as the result of the frame transformation H 2 from the frame defined by H 1 . The neutral element for this matrix product is the 4 × 4 identity matrix I 4×4 and the inverse of H ∈ SE(3), H −1 ∈ SE(3), is given by
Derivatives on SE(3) with respect to any parameter α can be introduced by a left invariant vector field as
where, denoting T H SE(3) the tangent space at H,
The 4 × 4 matrix h belongs to se(3), the Lie algebra of SE (3) , which is the tangent space at the identity. se(3) is isomorphic to R 6 which means that • is an invertible linear map from R 6 to se(3) such that and h Ω ∈ so(3), the Lie algebra of the special Orthogonal group SO (3) , which is the set of skew-symmetric matrices built upon the three components of
It is clear from the argument whether the tilde operator denotes the mapping to so(3) or se(3). From Eq. (4), we have
It is important to notice that both derivatives involve the rotation matrix of the frame whence the derivatives are interpreted as taking place in the frame described by H. se(3) elements have a so-called adjoint representation. Observing that h 2 = H −1 h 1 H ∈ se(3), the adjoint representation acting on vectors of R 6 is defined as
where Ad H (h) : se(3) → se (3) . Considering the commutativity of the derivatives of the variable H when treated as a matrix in R
together with the representation of the derivatives on SE(3) with
where 
where the • operator is defined as
Notice that h β h α = − h α h β . 
The exponential map may be seen as a local parameterization in the sense that the argument of the exponential map belongs to a linear space while SE(3) is a non-linear space. In practice, it means that standard vector calculus applies to the argument of the exponential map, such as the multiplication by a scalar or the addition of another six-dimensional vector and that its effect can be projected onto the group. Exploiting the Lie algebra structure, the exponential map can be expressed in a closed form as
where, using a = sin(||n Ω ||)/||n Ω || and
where exp SO(3) 
is the exponential map of the special Orthogonal group and T SO(3) (n) is the tangent operator which defines an map from R 3 to R
3
. The inverse map of the exponential map is called the logarithmic map, namely log SE(3) (H) : SE(3) → se(3). It is explicitly given as
where ω = log SO(3) (R) with log SO(3) (R) :
with θ = acos 1 2 trace(R) − 1 , |θ| < π. 
where Dexp is the derivative of the exponential map, and this can be written as
and T SE (3) and its inverse are given by
in which B i are the Bernoulli numbers of first kind. Exploiting the Lie algebra structure, it can be expressed in a closed form as
where T SO(3) , the tangent operator of the exponential map on SO(3), was given in Eq. (15) and where T UΩ+ (n U , n Ω ) reads
with a and b as defined for Eq. (15) . Notice that
which relates the derivatives of H, namely h, and the derivative of n which is used in the representation of
Based on the formalism of this section, the rest of the paper addresses the formulation of a beam finite element on SE (3) . As it can be observed in the composition rule in Eq. (2) or in the expression of the derivatives in Eq. (7), the special Euclidean group SE(3) exhibits a coupling of the position part and the rotation part. This coupling appears as a sound foundation to build a beam formulation since, for example in a cantilever beam, it is expected that the cross-sections rotate under a tip shear load and that a tip bending moment induces a displacement of the neutral axis. In the SE(3) formalism, a material frame is attached to any material point and any point of the neutral axis of the beam is described by a mapping
where x(s) is the position vector of the neutral axis and R(s) characterizes the orientation of the cross-section. Accordingly, the material frame
is related to the material frame attached to the neutral axis by the frame transformation
in which y(t, u) = 0 t u T and O 0 = i s i t i u is a constant frame, built along the neutral and transversal axes, that accounts for the orientation of the beam in the reference configuration with respect to the inertial frame. The assumption that the cross-sections remain straight is made and implies that R p (s) = R(s). From Eq. (24), the position at any point of the beam is thus described as
Beam equations
According to the formalism presented in Section 2, the spatial derivative, i.e. with respect to parameter s, and time derivative, i.e. with respect to parameter T , of the frames representing the neutral axis of the beam can be introduced as
where f 0 is interpreted as a deformation gradient in the reference configuration, as a deformation and v as a velocity. As observed in Eq. (7), these quantities are evaluated in the frame described by H, which means that they are naturally expressed in the local frame and that they are invariant under rigid body motions.
The decomposition of the deformation into the position part and the rotation part is introduced as = γ T κ T T , where γ 1 is interpreted as the axial strain, γ 2 and γ 3 as the shear strains, κ 1 as the torsion and κ 2 and κ 3 as the bending curvatures. For a straight beam, Eq. (26) 1 yields
Similarly, the decomposition of the velocity into the position part and the rotation part is introduced as
From these deformation and velocity measures, the strain energy and the kinetic energy for a linear elastic material can be defined as
where K and M C are the stiffness and mass matrices of the cross-sections. For simple cross-section geometries, the stiffness matrix has a classical form
contains the axial and shear stiffnesses whereas K Ω = diag(GJ, EI t , EI u ) contains the torsional and bending stiffnesses, and the mass matrix has a classical form M C = diag(ρAI 3×3 , J) where J is the second moment of inertia and is diagonal. These matrices are evaluated in the local frame and are therefore invariant under rigid body motions. Furthermore, due to the assumption that the cross-sections do not deform, they do not depend on the deformation state.
Denoting δh ∈ R 6 as an arbitrary variation such that δ(H) = H δh, and assuming small deformations, Hamilton's principle leads to
where g ext = g explicitly the position part and the rotation part, the strong form of the dynamic equilibrium equations for an initially straight beam is given by
and the boundary conditions must satisfy δh In order to emphasize the relevance of this framework, three simple examples are considered in the rest of this section. The analytical solution for the deformations and the velocities is obtained without involving the actual position and orientation of the beam, which are computed in a second step using Eq. (27) and Eq. (28). In each example, as illustrated in Fig. 1 , the denominated by e 1 , e 2 and e 3 . Without loss of generality, it is assumed that, in the reference configuration, the beam triad and the inertial frame coincide, namely i s = e 1 , i t = e 2 and i u = e 3 in order to simplify the integration of the compatibility equations which provides the position and orientation of the beam.
Example 1: planar rotation of a beam
Let us consider a beam rotating at a constant velocity w 0 about i t , which is aligned with e 2 in the initial configuration. It is expected that the beam remains straight, but is stretched due to centrifugal forces. Accordingly, we have γ(s,
T . Furthermore, we set the boundary conditions such that there is no deformation at the extremities of the beam and no vertical velocity at the midspan. However, this does not determine the position or orientation at this point. From Eqs. (32-35), the equilibrium equations are thus given by 
whose solution, posing α = ρ E , reads 
Notice that this expression is compatible with Eq. (39). Considering that there is no deformation at the beam extremities allows the determination of a as
and finally we have
So far, the deformation state and the velocity state of the beam could be determined without referring to the actual position and orientation of the beam, which can now be recovered from Eq. (27) and Eq. (28). For the rotation, Eq. (27) 1 indicates that R does not depend on s since κ = 0 and Eq. (28) 1 yields
where we imposed R(0) = I 3×3 . For the position part, either Eq. (27) 2 or Eq. (28) 2 gives Let us consider a cantilever beam aligned along i s and submitted to a follower tip load F along i u . Furthermore, let us assume that the displacements and the deformations remain small, such that quadratic and higher order terms of the deformation are neglected. From Eqs. (32-33) (Eqs. (34-35) are not considered for a static problem), the static equilibrium equations read 
The solution to Eqs. (50-51) takes the form
Ω i s K U and a and b are integration constants determined from the end loading condition Eqs. (52-53)
The solution is straightforwardly obtained as
such that, using Eq. (54-55),
The solution to the static equilibrium equations yields the deformation state.
Notice that it can be obtained without having to consider the actual position or the rotation since the equilibrium equations only depend on the deformations. Now that the static equilibrium is solved and the deformation state is known, the orientation and position of the beam can be deduced by integrating Eq. (27). According to the small displacement assumption, the rotation matrix and its derivative read
where, the motion being planar, θ(s) = 0 θ t (s) 0 T . Hence, using Eq. (27),
we have θ (s) = κ(s) and
whose solution is straightforwardly given by 
T (63) We observe that the solution matches the exact solution expected from the classical beam theory. The equilibrium equations are first solved for the deformations and it appears that there is no need to know the position and the orientation of the beam to obtain the deformation state. In a second step, the rotation and the position are computed by integrating the deformations, and boundary conditions on rotation and position can be applied.
Example 3: static cantilever beam under a tip bending moment
Let us consider a cantilever beam aligned along i s and submitted to a tip bending moment M about i t , namely M = 0 M 0 T . It is expected that there is no axial nor shear deformation, whence, considering Eq. (27) 2 , γ = 0. From Eq. (32-33) (Eq. (34-35) are not considered for a static problem), the static equilibrium equation reads
since g ext = 0. Since the problem is planar, κ = 0 κ t 0 T , which means
The solution is thus given as where a is an integration constant. Satisfying the boundary condition at s = L yields
The neutral axis of the beam is thus a planar curve whose constant curvature is given by κ t = M/EI t . From Eq. (27), the position and rotation field can be recovered
where the clamped boundary conditions R(0) = I 3×3 and x(0) = 0 have been taken into account. More explicitly, the solution reads
T (69) which is the exact solution expected from classical beam theory. This example shows that the solution to a large displacement problem, which leads to strongly non-linear position and rotation fields, can be solved exactly in a simple way. The solution to the differential equation governing the static equilibrium of the beam could be obtained without having to refer to the actual position and orientation, which are recovered afterwards.
Discretization method
The equilibrium equations Eqs. (32-35) are not easy to solve in general and the use of an approximation method is required, such as a finite element method. Although they can be solved in some cases for the velocities and the deformations only, it is convenient, from a practical point of view, to solve simultaneously the position and orientation of the beam, namely include Eqs. (27) and Eq. (28) in the solution process. Indeed, this information is needed to connect elements of a finite element mesh, apply general boundary conditions or express external forces that are not naturally expressed in the local frame. Nevertheless, as pointed out in Section 3, the homogeneous equilibrium equations are not affected by this information which leads to a framework with reduced non-linearities compared to classical formulations.
It is thus of fundamental interest to preserve the invariance property of the equilibrium equations through the discretization process. To that purpose, a consistent discretization method is discussed in this section. It relies on two steps. First, a spatial interpolation of nodal frames is introduced. Then, an interpolation formula for the nodal velocities consistent with the spatial interpolation is derived.
Spatial discretization

Nodal frame interpolation formula
The spatial discretization along the neutral axis of the beam is introduced by an interpolation with the variable s ∈ [0, L] between two end nodes A at s = 0 and B at s = L, where the nodal frames H A and H B are located (Fig. 2) . 
T is called the relative configuration vector and is defined
Eq. (70) can be interpreted as, starting from the nodal frame H A , the nodal frame H B is reached by moving along the frame transformation implied by the projection on the group of relative configuration vector d. Eq. (70) can be seen as a straightforward extension of classical interpolation method for linear spaces to non-linear spaces. Indeed, considering two elements in R k , P A at s = 0 and P B at s = L, the classical linear interpolation formula reads
where the free vector p is defined as
Eq. (72) can be interpreted as, starting from P A , P B is reached by moving along the free vector p. The expression is straightforward since free vectors such as p and attached vectors such as P A and P B belong to the same space. However, for non-linear spaces, additional care is required. Indeed, the tangent spaces are not the same as the space itself and projections are involved through the exponential and logarithmic maps. Hence, Eq. (71) The proposed interpolation method in Eq. (70) also complies with the weighted average interpolation discussed in [17] which provides an implicit definition of the interpolated field. In [17] , the weighted average interpolation formula is given for a relative configuration vector that is expressed in the global frame rather than in the local frame. The formula used here is adapted to the present local frame definition and, for a two node interpolation using one spatial parameter, reads
It is straightforward to verify that Eq. (70) satisfies this definition:
Deformation measure
The derivative of Eq. (70) with respect to s also allows us to gain some insight. Using Eq. (18) and Eq. (20), we have 
Hence, the deformation measure is constant over the element, which appears as an important numerical advantage. Indeed, the strain energy per unit length of the beam is also a constant over the element and the integration over the beam length in Eq. (29) 1 can be performed exactly and no numerical integration must be considered. As an important consequence of the framework, the deformation measure depends on the relative configuration vector d only, which means that it ensures that the invariance of the equations of motion under rigid body motions is preserved.
Geometric interpretation
A meaningful geometric interpretation of the interpolation formula in Eq. (70) can be obtained by constructing the local Frenet triad along the beam axis. From Eq. (75), we have
The unit tangent to the neutral axis is thus given by
In order to compute the unit normal vector, let us derive the tangent unit vector with respect to s. Using Eq. (77) 2 , we have
Hence, the unit normal vector is given by
where the curvature is defined as It appears that the geometric description of the neutral axis using the proposed interpolation formula in Eq. (70) leads to a curve that has a constant curvature since d, which results from the interpolated nodal frames, is constant over the element. The last vector of the Frenet triad is the unit binormal vector b(s) defined as
Deriving it with respect to s leads to the definition of the torsion τ as
Going through the computations, we have
which leads to
It is observed that the torsion of the curve describing the neutral axis of the beam using Eq. (70) is constant along the axis. Developing Eq. (81) and Eq. (85), we have
and the Gaussian curvature κ g is obtained as
which gives a geometric interpretation to d Ω . κ g is, as expected, also constant over the beam length. As pointed out in [9] , the ability to represent a curve that has a constant curvature is important with respect to the shear-locking phenomenon. In practice, shear-locking shows up when spurious shear deformations are involved in pure bending. However, in this case, a constant curvature neutral axis and a no shear deformation state are expected. Since the proposed interpolation formula systematically represents a constant curvature neutral axis, the element turns out to be naturally shear-locking free.
Consistent velocity interpolation
In Section 4.1., a formula to interpolate nodal frames in space has been discussed. Due to the non-commutativity of the special Euclidean group, characterized by the fact that the Lie bracket in Eq. (9) does not vanish in general, the time derivative of the deformation is not equal to the spatial derivative of the velocity. In order to cope with this situation, we proposed to represent the velocity of the beam as an interpolation of nodal velocities which is derived from the spatial discretization formula. The idea is illustrated in Fig. 3 . 
Considering the definition of d in Eq. (71), we have 
As announced previously, the interpolation formula for the velocities is related to the spatial interpolation. It only depends on s and on the relative configuration vector d, which means that it is invariant under rigid body motion and changes only when the beam deforms. Accordingly, this velocity field preserve the invariance under rigid body motion of the equilibrium equations. Some further manipulations of the series expression of the different operators involved yields the following identity
which simplifies the interpolation formula as
with 
This formula should be valid for any v A and any v B , which imposes that
Going through the series developments of the operators involved, it can be shown that these equations are satisfied for any s and any d. Hence, the discretization method discussed here automatically satisfies the Lie bracket relationship. 
Discretized beam equations
Using the interpolation fields discussed in Section 4.1. and 4.2., it can be shown that dynamic equilibrium equations for a beam element take the form of ordinary differential equations on the Lie group [9] 
where P was defined in Eq. (90) and, denoting Q = Q(s, d) (Eq. (94)), the 12 × 12 mass matrix is defined as
and C(d, v AB )v AB are the gyroscopic forces with the 12 × 12 matrix
Computational aspects
Based on the special Euclidean group framework, the discretization method discussed in Section 4 exhibits important advantages from a computational point of view.
Besides the importance of the fundamental coupling between the rotation and position variables inherent to the framework, the proposed beam formulation turns out to be particularly suitable for flexible multibody system applications where large amplitude motions involving small deformations are usually expected. Indeed, the equations of motion are naturally expressed in the local frame and, accordingly, the whole formulation is invariant under rigid body motions and only varies due to the deformations. Therefore, assuming small deformations, the non-linearity of the equations of motion is reduced and problems could be solved without updating the iteration matrix which let us expect a significant reduction in computation time. In order to illustrate the potential of the method, a simple numerical example is considered. Following [18] , a constant force of 4 N and a constant torque of 80 Nm are applied during 2.5 s at node A of the beam depicted in Fig. 4 . Then, the free motion is observed during 50 s. The beam properties are E A = GA = 1e4 N, GJ = EI = 1e3 Nm 2 , L = 10 m, m/L = 1 kg/m and J = diag(20, 10, 10) kgm. The beam is discretized with 10 elements of equal length and the Lie group time integrator proposed in [6, 8] is used with 1e−1 s time step and a 0.9 spectral radius. The displacements of the free end, namely node B, are plotted in Fig. 5 . They are in good agreement with [18] . The motion is clearly three dimensional and has large amplitude. But since the deformations are small, the problem can be solved without updating the iteration matrix related to the beam elements during the entire simulation (that is using the iteration matrix related to the beam elements computed in the reference (undeformed) configuration for the whole simulation). Doing so increases slightly the number of iterations: 4.088 for the updated iteration matrix scheme and 6.252 for the frozen iteration matrix scheme. However computation time is saved since the iteration matrix must be inverted only once.
Conclusions
The paper discusses a geometric interpretation of a non-linear beam finite element formulated on the special Euclidean group SE (3) . The equilibrium equations obtained in this framework are naturally expressed in terms of deformations and velocities evaluated in the material frame. Accordingly, the equilibrium equations are invariant under rigid body motions and free from geometric non-linearities. As it is shown through simple examples, these equations can be often solved without referring to the actual position or orientation of the beam.
However, the equilibrium equations are in general not easy to solve so that approximation methods must be used. Furthermore the knowledge of the position and orientation of the beam is needed in some cases, for instance to apply complex boundary conditions or orientation dependent forces. To this purpose, a discretization method based on position and orientation nodal variables is introduced and is shown to preserve the invariance property of the equilibrium equations. Furthermore, a consistent interpolation formula for the velocity is derived. Thanks to the reduced non-linearities of the equilibrium equations, geometrically non-linear problems can be solved without updating the iteration matrix which is computed once in the reference configuration. This fact leads to significant savings in computation time for flexible multibody system applications. 
